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CHAPTER 3. Surfaces whose Plane Sections are Hyperelliptic Curves.
PLANE curves of any deficiency above 1 may be hyperelliptic, and those of deficiency 2 are necessarily so. The specific feature of an hyperelliptic plane curve of order n is this, that its adjoint curves of order n — 3, its " <£-curves," arrange its points in pairs. That is, if a <£-curve contains any one point P of a hyperelliptic curve C} it will of necessity contain a second determinate point Q of C) then P and Q form what is called a conjugate pair ; each is the conjugate point of the other. It is well known that a <f>-curve can be found which shall contain p — 1 arbitrary points of C, where p denotes the deficiency of the curve C. These facts lead to interesting conclusions about any linear system of hyperelliptic curves in a plane, or in any rational surface.
In a plane, a linear system of hyperelliptic curves may be of the first or second kind. In a system of the first kind, a curve passing through any one point is not thereby necessitated to pass through a determinate second point; in a system of the second kind this compulsion does exist, and all curves of the system that contain a point P contain also Q, its conjugate point. Of the second kind, for example, is a certain family of plane sextics having double points in seven common points of three cubics : <#>1 = 0, <£2 = 0, <j£>3 = 0. The equation
Z<W* = 0        ft* =1,2,3)
gives a linear system of sextics, the CiJs being arbitrary. Outside of the seven base points, let any point P be on both cubics :
fa = 0      and      <£2 = 0.
Their niixth intersection, Q, is determined by the eighth, a familiar theorem ; and sextics of the system which pass through P, being given by the equation (according to Noether's theorem)
+ C      = 0
must contain also the remaining intersection Q of ^ = 0 andf an r-fold space; or (#) if through r generic points of the surface there passes one and only one curve of the system. For r^>l these two defining properties can be inferred, each from the other.t it is independent of the particular four pairs, line and curve, that may be selected to determine the correspondence. Otherwise stated :
